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Including Baryons in KFT

KFT generating functional

Z[J,K] = e’g’/dl' exp (i/dtJ(t)-)'((t)) .
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Model baryonic matter as an ideal fluid:
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Including Baryons in KFT

Model baryonic matter as an ideal fluid:

ot
i, = VP
E (U'V)U— pin,"
€ L9 () + PV =0
81‘ €eu u= .

Close set of equations with equation of state

h:'ye:i7 P.
v—1
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Mesoscopic Particles

Figure: ldea of mesoscopic particles
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Mesoscopic Particles

— » G = centre of mass of all
TN microscopic particles
° » p= averaged momentum of
the microscopic particles
« P H = enthalpy arises from
the microscopic random
motion
— augment phase space coordi-
nates (4, B, H).
(The Fourier conjugate variables
are (k,1,y).)

Figure: ldea of mesoscopic particles
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Mesoscopic Particles

Smear out the particle properties with smoothing function w

Smoothing function

7/55



Equations of Motion for Mesoscopic Particles

Rediscretise the result again, to obtain EOM which can be included in
KFT path integral:

i(t)

G = (G(0.0 = 2

o
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Equations of Motion for Mesoscopic Particles

Rediscretise the result again, to obtain EOM which can be included in
KFT path integral:

G = (g (1)) = 21D
pi(t) = m%ﬁ(ﬁj(t),t)
N
=l r)WT_l ;Hk“)%w(@(t) — @) ,
W) = m 7 (G(0). )
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Equations of Motion for Mesoscopic Particles

G = a0, - 2
B0 = m a0, 0
N
- —gnv;lkg_jlm(tﬁququ(r) ~G(0)).
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Setting up the Action S,

The interacting part of the action is given by

Si=&-x
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Setting up the Action S,

The interacting part of the action is given by

Si=&-x= /dt (g;,q(t) ’ X‘U(t) + é:'l,p(t) ’ ij(t) + gl,H(t)XHj)(t)
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Setting up the Action S,

The interacting part of the action is given by

— & x= / dt (& (5)+ &1 p(8) - Ko (8) + E13u(D)x30) (1)

_ fz / At (Bi(t) - X, (8) + Fi(E)x30,)(2)

j=1
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Introducing Collective Fields

For computing power spectra reformulate action in terms of collective
fields

259 G — q;(t)) op (B — (1)) op (H — H,(t)) ,
t) = Z)Z’pj(t) - Vb (G — Gi(t) 50 (B — Bi(1)) 6o (H — H;(1)) |
=1

Pa,, (%, 1) = D x3,(t)Vd0 (G — G(t)) 90 (B — Bi(t)) 6o (H — Hy(t)) -

Jj=1
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Action S; in Terms of Collective Fields

In terms of collective fields the action takes the form

Syle] = / d1 / A2 (6(~1)ogs, (1, —2)®s, (2)

+&¢(—1)ds,,(1,-2) - qq’BH(2)) ;
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Action S; in Terms of Collective Fields

In terms of collective fields the action takes the form
Seald] = [ a1 [ a2 (®0(-Dorm, (1. -2)5,(2)
+0/(~1)dm,, (1, ~2) - B5,,(2)) .

defining the interaction matrix elements

m~y—1

om,(1,2) =— ———wl(k)i0,,
s, (1,2) P (k1)i0,
x (2m)"6p(ki + k2)op(h)dp(h)dp(y1)dp(y2)dn(ts — t2),
. 1 ) = .2
JfBH(lvz) = ,57(’7 - 1)W(k1)’a}’1(18/1 - 18/2)

x (2m)0p (ki + k2)dp(h)dp(k)dp(y1)dp(y2)dn(t — t2).
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Action S; in Terms of Collective Fields

In terms of collective fields the action takes the form
Seald] = [ a1 [ a2 (®0(-Dorm, (1. -2)5,(2)
+0/(~1)dm,, (1, ~2) - B5,,(2)) .

defining the interaction matrix elements

m~y—1

om,(1,2) =— ———wl(k)i0,,
s, (1,2) P (k1)i0,
x (2m)"6p(ki + k2)op(h)dp(h)dp(y1)dp(y2)dn(ts — t2),
. 1 ) = .2
JfBH(lvz) = ,57(’7 - 1)W(k1)’a}’1(18/1 - 18/2)

x (2m)"8p (ki + ka)d(h)30(k)dn(v1)d0(y2)dp(t — B2) -
To simplify the formalism we introduce the dressed response field
br =om, g, + I, - d;BH .
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How to Compute Power Spectra With RKFT?

Power spectrum is defined via

(27)36p (ki + ko) Ps(ky) = (5(1)6(2))e = Gss(1,2).
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How to Compute Power Spectra With RKFT?

Power spectrum is defined via

L 1
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How to Compute Power Spectra With RKFT?

Power spectrum is defined via
- o 1
(27m)30p (ki + ko) Ps (ki) = (5(1)5(2))c = ?Gpp(l,Z).

What we can compute with KFT is Gg = (®¢(1)P(2))e.
The density correlation can be extracted

Gpplki 11 ko, 1) = Ge(1,2)|
/1:/2:0
y1=y2=0

Thus, we need to compute G
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How to Compute Power Spectra With RKFT?

Power spectrum is defined via

1

(2w)359(E1 + E2)P§(k1) = (0(1)4(2))c = ?Gpp(lﬂ).

What we can compute with KFT is Gg = (®¢(1)P(2))e.
The density correlation can be extracted

Gﬂp(Ela ty, Ez, t) = G#1,2) .
y1=y2=0

Thus, we need to compute G
Gr(1,2) = Am(1,2) + vertex terms.

Here, A is the statistical propagator.
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Introducing RKFT

Exact reformulation of KFT path integral

7 — /dr /Dw Sy o[Y]+i®r - £ [Y]
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Exact reformulation of KFT path integral
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Introducing RKFT

Exact reformulation of KFT path integral
7 — /dr /Dw eSw oYl +iordF[y]
- / ar / Dy / Df efSv ol Qx5 1f — d[oh]]

- /d[‘/'D¢/'Df/’Dﬁeisw,o[w]+if'¢f[w]*iﬁ'(f*“’f[dl])

= /D¢ e P Zy 10].

15 /55



Introducing RKFT

Exact reformulation of KFT path integral
7- / ar / Dip 50 0l01+70; -0 £[4]
= /dr /D¢/Df S oW+ F 5 1F — o [of]]
_ /dr/QM/Df/Dﬁeisw,o[ww-cbf[w]ffﬁ-(ffcbfwf])
— /D¢e*"5'fzéyo[¢"s].
We receive the macroscopic action

Sold] = —F - B — iWgo[d],
with ¢ = (f, B).
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Macroscopic Perturbation Theory

Set up a new perturbative approach to KFT following the standard
procedure in quantum and statistical field theory

iSs[d) = iSa[d] + iS,[¢]

= 71/dl/d2¢(71)A*1(1,2)¢(72)

+ Z nflnBI H </d“5 > ﬁ </dr’ f(r’)) v pfr.f(1,...

nf,ng= =0
ne+ng #2
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Macroscopic Perturbation Theory

Set up a new perturbative approach to KFT following the standard
procedure in quantum and statistical field theory

iSs[d) = iSa[d] + iS,[¢]

= 71/dl/d2¢(71)A*1(1,2)¢(72)

* Z "f'”B' H </d“5 >ﬁ</d’/ f(r/)) vg. pr.f(1,...,nf).

nf,ng= =0
ne+ng #2

Here, A~1 is the inverse propagator and vs._ sr. ¢(1,...,n};) the vertex
term.
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Macroscopic Propagator

Expressions can be found by plugging the functional Taylor series of the
macroscopic Schwinger functional W 4[#] = In Zg ,[¢] into the
macroscopic action

[ Agx A _ AR-G,SfO)-AA —ilg
a2 = (o7 A7) = (A A ) ),

Uﬁmgfmf(l, ceey n/g, 1/, ceey n;) = I'nf+"5 G)S(.)‘)‘f]_-m]_-(l, ey nﬁ, 1/7 ey n}) .
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Macroscopic Propagator

Expressions can be found by plugging the functional Taylor series of the
macroscopic Schwinger functional W 4[#] = In Zg ,[¢] into the
macroscopic action

[ Agx A _ AR-G,SfO)-AA —ilg
a2 = (o7 A7) = (A A ) ),

VB“.ﬂf“.f(l, <oy g, 1/, ceey n;) = I'nH-"[3 G)S(.)‘)‘f]_-m}-(l, <.y Ng, 1/7 ey n}) .
With the definition of the retarded propagator

Ar(1,2) = Aa(2,1) == (T — iGP)71(1,2).
Here, Z symbolises the identity two-point function,

7(1,2) == (27)36p (ki + ko) (27)36p(h + h) dp(ty — t2) .
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Intermezzo

Expressions for the cumulants or connected correlation functions

G p(1, e, 1, )
_ 0 6 ) )
T i6He(1) T idHe(ne) iSHg(1) T iGHp(nlg)

We o[H]

)

H=0
GO (L., 1, )
0 d 0 5 )
= e ce. W= [H
i5Hf(1) i(SHf(nf) I'(SH]_-(ll) i5H]:(n’}-) 4>,0[ ] fio

nr
= H </d?0’f3(f’,—?)> G;?)'B(l,...,nf,i ...,1_7]:).
r=1
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Intermezzo

Expressions for the cumulants or connected correlation functions

GV (L, inp 1)
1) ) ) S

= e R Wae n[H
i0He(1) """ i6He(nf) iSHg(1') ~" " idHp(nl) @,0[H] o’
GO (1, ne 1 )
0 d 0 5 )
= e ce. W= [H
i6He (1) " i6Hr(ns) i0HF(1') " i6Hz(nly) 5,01 s

nr
= H </d?0’f3(f’,—?)> G;?)'B(l,...,nf,i ...,1_7]:).
r=1

For actually computing them we need to choose a specific system, i.e. we
need equations of motion for g, B, andH.
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Modelling Reionization

» Photons cannot be directly modelled in KFT
=—> Model the effects of ionising photons

20 /55



Modelling Reionization

» Photons cannot be directly modelled in KFT
=—> Model the effects of ionising photons

20/55



Modelling Reionization

» Photons cannot be directly modelled in KFT
=—> Model the effects of ionising photons

~ (o) . 5

Assumptions:
» only hydrogen
» only ionisation, no recombination

» only ionisation from the ground state
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How to Include the Model into KFT?

Add source term to hydrodynamical equations

0pm .
W—FV(pmu)—O,
i, = VP
E (U‘V)U—_pT,
Oh - dQv

5-1-(# V)h —|—7hV i = sources =: ar

21/55



How to Include the Model into KFT?

Add source term to hydrodynamical equations

Ipm S
LJFV(me):O,

ot
i, = VP
9 (4-V)i = o

dQv

h -
0 +(@-V)h+~hV - i = sources = 4

ot

Find an expression for the heating rate

dd% = pH,/U dv (hv — hI/L)Z oy = pH,S .

L
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Add source term to hydrodynamical equations

Ipm S
LJFV(me):O,

ot
i, = VP
9 (4-V)i = o

dQv

h -
0 +(@-V)h+~hV - i = sources = 4

ot

Find an expression for the heating rate

dQ > Sy
ditv = pHI‘/I/ dV (hl/ — hl/[_)h Oy = XH/ pHS

L
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How to Include the Model into KFT?

Add source term to hydrodynamical equations

0Pm &,
W + V(pmu) = 0,

oh . = S . dQv
E-l—(u-V)h—i—th-u-sources-. TR

Find an expression for the heating rate

d e Ju
thV—pH,/V du(hz/—hz/,_)h o, =1 (1 —x)puS.

L
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How to Include the Model into KFT?

Add source term to hydrodynamical equations

pm = o
W + V(pmu) = 0,

oh . = S . dQv
E-l—(u-V)h—i—th-u-sources-. TR

Find an expression for the heating rate

dQy = pH,/ dv (hv — hI/L)Z o, = (1 —x)NpS.

dt

L

21/55



New Equations of Motion

Again, smooth out the single particle contribution

40y (¢ 1y = 32 997, 7.0 ) wlld - )

Jj=1

Il
Mz

(1= x)S()N w(lg — gi(t)]) -

-
Il
-
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New Equations of Motion

Again, smooth out the single particle contribution

40y (¢ 1y = 32 997, 7.0 ) wlld - )

Jj=1

Il
Mz

(1= x)S()N w(lg — gi(t)]) -

Il
-

J

New equation of motion for the enthalpy
m . pe(t)
: K
H(t) = — ﬁ*(v -1 Z’Hk(f)
m

+—mvzd0kw(|qj 00

= Hold,j + Hsource,j .
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New Interaction Term

The new equation of motion adds a new term to the interacting part of
the action

= - /dt (ﬁj . X)Pj + ,Hold,j * XH; + Hsource,j . XH,-)

= Slo/d +S

source *
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Set up the Heating Operator

Defining an heating operator
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Set up the Heating Operator

Defining an heating operator

dQx

= A= RSN

How can we find an ionisation fraction operator?
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Set up the Heating Operator

Defining an heating operator

dQx
— = (1—%)S(t)N.

= (1= R)S(0)
Expression for x obtained from modified Saha equation:

X2 (2rmekpT)3? mu
1—x h3p er

§ f;:’ dvip(v) (exp (k;il:(t)) — 1)71 |
fVOLo dv(v) exp (—:ﬁ) (1 + (exp (k,gq'il:(t)) - 1>1>
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Set up the Heating Operator

Defining an heating operator

A

o = (1= R)S(ON.

Do a linear Taylor expansion in two variables:

1
X & =+ Xpy(p — po) + x1,(T — To)

2
with

_ox 1

Xpo = ap X:% 6p0 )
Ox 1 3 hUL

= — =—|—=+— —C(To, T)| ,

XTo = 5T —y 6 [2T0 T eT? (To, )}
hv 87rhV
C(To. ) = Jdvy(v) 2 s T2 exp( kBTO> ( + (v, t))

[ dvp(v) exp (—k;’l}()) (8”"”3 + J(v, ))
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Set up the Heating Operator

Defining an heating operator

dQx

—r = =RIS(EN.

Do a linear Taylor expansion in two variables:
1
X & = 4 Xy (p = po) + x1o(T = To)

Receive for the heating operator

Ay
dt

1 2
= (1= %)S(EIN = S()N | 5 +x7, To - XTo 4y,
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Interaction Operator
The interacting part of the action gains an additional term

5¢7/[¢] :/dl/d2 ¢f(—1)Upr(17—2)¢Bp(2)

+ cbf(_]')arfB’H(17 _2) ' d_SB’H (2) + ¢f(_1)afBH,source(17 _2)¢SOUI‘C6(1)

Here, we defined

N
(1) = Z e~ ikid;(t1)=ihpi(t) =iy Hi(11) ’
j=1
N .7 7 .
Psource(1) = ZXg_[j(tl)e_’quj—’/lpj—%?-lj 7
j=1
m — —
Bt soree(1,2) = _VFW(kl)(QW)H%(tl — 1)dp(ki + ko)
T T 1 2XT, .
x dp(h) ép(h) op(y1) 0p(y2)S(t1) | = + x71, To — 77—0/8),1
2 5kgN
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Interaction Operator
The interacting part of the action gains an additional term

5¢7/[¢] :/dl/d2 ¢f(—1)Upr(17—2)¢Bp(2)

+ cbf(_]')arfB’H(17 _2) ' d_SB’H (2) + ¢f(_1)afBH,source(17 _2)¢SOUI‘C6(1)

Here, we defined

N
(1) = Z e~ ikid;(t1)=ihpi(t) =iy Hi(11) ’
j=1
N .7 7 .
Psource(1) = ZXg_[j(tl)e_’quj—’/lpj—%?-lj 7
j=1
m — —
Bt soree(1,2) = _VFW(kl)(QW)H%(tl — 1)dp(ki + ko)
T T 1 2XT, .
x dp(h) ép(h) op(y1) 0p(y2)S(t1) | = + x71, To — 77—0/8),1
2 5kgN

Define again
¢]: = Upr ’ ¢)Bp + EfBH ' ¢B’H + afBH,source : cbsource :
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Ingredients for the Computation of Power Spectra
As shown before, for computing the power spectrum we need to

calculate: Gg ~ A (on tree-level), G}?) = (®rPs), and

(0) _ (0) 0)  _
Gf]:sou,ce = OfBsource Gstou,ce' fBsource <¢f¢source>c-
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(0) (0) 0  _
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To compute G we make the following observation:

source

N N
A A 1) A
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Ingredients for the Computation of Power Spectra

As shown before, for computing the power spectrum we need to
calculate: Gg ~ A (on tree-level), G}?) = (®rPs), and

(0) (0) 0  _
f Fsource Ufssou’ce Gstource’ Bsource <¢-f¢source>c- )
To compute G we make the following observation:

source

N

N N
A A 1) ~
rce = XH, (tr)Pr, = —
source § bsou J r) j§:1 XHj(t) ﬂ(r) j§:1 I(;Kq.(j(t) G()

Jj=1

Thus, shift all response operators to the left and first apply the density
operators.
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Ingredients for the Computation of Power Spectra

As shown before, for computing the power spectrum we need to
calculate: Gg ~ A (on tree-level), G}?) = (®rPs), and
0 0 0
Gf(-]'zsource - Ufssou’ce GﬁBs)ource’ Gf(-Bs)ource = <¢f¢SOUYC€>C'
To compute G we make the following observation:

source

N N N 5
source b ource = XH, r (,f) . - . &)
=3 b (N850 = 300850 = 3 7 a0

Jj=1

Thus, shift all response operators to the left and first apply the density
operators.

Later work out the effect of the response operator an the shifted
generating functional

E’sourcej(r)ZO[J + L7 K] = Z}/ug’HH(tua tr)ZO[I-7 0] .
J=0=K uel;

27 /55



Ingredients for the Computation of Power Spectra
Propagators:

gCICI(t7 tl) = gPP(t7 t/) = g'HH(tv t/) = @(t - t,) )

/

t—t
ng(t7 t/) = T ) gpq(t> tl) =0.
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Ingredients for the Computation of Power Spectra
Propagators:

Baq(t, t') = gpp(t, t') = guu(t, ') = O(t — '),
o

t
8ap(t,t') = —— gp(t,t') = 0.
Required cumulants:
G9(1,2) = (27)30p(ky + ko) 7? P (ky) e/t i
G(1,2) = 2r) 6p(ky + ko)ip
x| (volk) + vB . 1)id, ) (Kgaplts, 2) + i - EO(t — 1))
+ VB, (ki t)y1ky - i},i0,,0(t — t2)
2x7, .

1
_ ’yﬁﬂW(k2)5(t2)N |:2 +XTO T() — 5kBIV18y2:| y]_e(t]_ — t2):|

x 0p(h) dp(ys)e= " .
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Ingredients for the Computation of Power Spectra
Propagators:

quI(t7 t/) = gpp(t7 t/) = gHH(tv t/) = @(t - tl) )
o

8ap(t,t') = tT , 8pqg(t,t') =0.
Required cumulants:
G(1,2) = (2m)30p (ki + ko) P (ky) ity
Gi(1,2) = (27) dp(k1 + k)i
X [(v(;(kl) + VB (ki, tl)i8y2> (kfgq,,(tl, t2) + ki - EO(t1 — tg))
+ VB, (ki ty)yiky - i,i0,0(t — to)

m 1 2XT, .
_ fyﬁ—W(kQ)S(tz)N |:2 + X1, To — 5/(37_;\/16}/2] yle(tl — tz):|
m
x op(h) p(ya)e "
Here, we defined the potentials
m~y—1 1 o 47 Gm*m”
vp (k) = = ——w(k),vp, (k) = = (v = D)w(k) ,vg" = — e
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Results for the Matter PS (Constant Part) s-ss -1 e
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Results for the Matter Power Spectrum (Second Part)

2.00 2.00
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klk ] Kk klky)
(g)s=9 (h)s=10 (iys=12
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Analytic Toy Model

Start with the hydrodynamical equations again

6pm =, -\
at +v(pmu)_07
i, =  (y—1)Vh
E‘f’(u V)U— ~p y
oh I I
— 4+ (@-V)h+~vhV-d=(1-x)pS(t)N.

ot
Adopting the ansatz

p:p0(1+5), d=vw+av, P=Py+déP, &=Dy+¢, h=hy+h.
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Analytic Toy Model - Enthalpy Equation

Adopting the ansatz
p:p0(1+5)a U:VO+3V, P:P0+6P7 ¢:¢0+¢5 h:h0+ﬁa

the enthalpy equation

=+ (G- VYh+yhV-i=(1-x)pS(t)N
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Analytic Toy Model - Enthalpy Equation

Adopting the ansatz
p=po(l+0), d=W%+a/, P=Py+éP, dP=Py+¢, h=hy+h,
the enthalpy equation
=+ (G- VYh+yhV-i=(1-x)pS(t)N
changes to (+ linearised)
ho + hi+ VoV h + YAV - Vo +vhoV - (Vo + V)

1 2xT,
= S(t)N [(2 + X7, To) po(l + (5) — 5kBTN(hO + ﬁ)
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Adopting the ansatz
p:p0(1+5)a U:VO+3V, P:P0+6P7 ¢:¢0+¢)5 h:h0+ﬁa

the enthalpy equation

changes to (+ linearised)
o+ b+ %V h + VAV - Vo + vhoV - (Vo + V)

= S(t)N [(; + x7, T0> po(1+06) — 52;;T;\/(h° + ﬁ)} .

Subtracting the background

. o 1
ho + vhoV - Vo = S(t)N [( + X1, To) po —

2XT0
h
: |

5kgN °
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Analytic Toy Model - Enthalpy Equation

Adopting the ansatz
p:po(1—|—5), i=v+av, P=Py+0P, &=Pg+¢, h=hg+t,
the enthalpy equation

changes to (+ linearised)
o+ b+ %V h + VAV - Vo + vhoV - (Vo + V)

= S(t)N [(; + x7, T0> po(1+06) — 52;;T;\/(h° + ﬁ)} .

Subtracting the background

. - 1
ho + vhoV - Vo = S(t)N [( + X1, To) po —

2XT0
h
; |

5kgN °

leads to

. 3} 1 2
fi+ a8V h + oV - ¥ + 3yha = S(N | ( = + x1, To ) pod — —2 4| .
2 5kaN
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
VoalV, 08— —-HZ-V

and using the continuity equation
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
VoalV, 8 =8 -HX-V

and using the continuity equation yields

. ho . 1 2XT
h— ’}/;5 + 3’yﬁa = S(t)N |:<2 JrXT0 To) ,005 — 5kB/0Vﬁ:|
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
VoalV, 8 =8 -HX-V

and using the continuity equation yields

. h 1 2
h— 7;‘)5 +3yha = S(t)N [(2 + x7, To) pod — XTo ﬁ}

5kgN

For the static case we canset a=0and a=1
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
VoalV, 8 =8 -HX-V

and using the continuity equation yields

. ho . 1 2XT
h—v—0 ha = S(t)N || = T o — ° g
Y 2 + 3’)/ a S( ) |:(2 JrX'r0 0) £o 5kBN :|
For the static case we can set 3 =0 and a = 1, thus
. - 1 2XT
= ~vhod t)N || = T o — o g
Yhod + 5(t) [(2+XT0 o> Pod = 1 } :
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
Vo alv, Oy — O — HX - V
and using the continuity equation yields

2XT0
(A
5kgN }

. h 1
h— ’}/;0(5 + 3vha = S(t)N [(2 + X1, To) pod —

For the static case we can set 8 =0 and a = 1, thus

. . 1 2XT,
= ~h N[ = T — .
h = ~vhod + S(t) [(2 + x7, o) Pod 5kBN4 )

. 1.
§ = 4rGmpoed + L= V2.
Ypom
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Analytic Toy Model - Enthalpy Equation

Transforming the derivatives to comoving coordinates according to
VosalV, 08— —HZ-V

and using the continuity equation yields

. h 1
h— ’}/;O(s + 3vha = S(t)N |:( + X7, T()) P00 —

2x To
5 .

5kgN

For the static case we canset a=0and a=1

. —1
(5;( = 47erp05k — Lkzﬁ,
Ypom

. . 1 2XT,
— h N (24T, _ZDpl
e = vhodk + S(t) [(2 + x1, 0) Pk 5kBNﬁk}
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Solving the Toy Model

Transform this set of equations

- -1
5k = 47TGmpo5k — Lkzﬁ,
YPom

. . 1 2XT,
=~h N - T — 0
e = vhodk + S(t) [(2 + x7, 0) P00k SkBNﬁk}

into a system of coupled differential equations of first order
Yo=y1,

) -1
1 =47 Gmpoyy — Lkaz = ayo — byz,
Ypom

. 1 2x
yo = vhoyr + S(t)N (2 + X1, To) poyo — S(t) 5kZ)Y2 = dy;1 + cyo — fyo.
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Solving the Toy Model

Yo=wy1,

. -1
1 = 4nGmpoyo — Lkaz =:ayo — bya,
Ypom

. 1 2x
yo = vhoyr + S(t)N (2 + X1, To) poyo — S(t) SkZ)yz = dy;1 + cyo — fyn.

Let us collect these equations into a matrix equation
.)7 =M- .)7’

with the following identifications

(? 0 1 O
y=19¢ |, M=|a 0 —b
A c d —f
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The Solution of the Toy Model

The solution reads
y(t) =eMC.
with
’decosh(\/ft) — % ﬁ sinh(v/€t) ’?b cosh(y/€t) — g
Mt — ﬁsinh(\/ft) cosh(v/Et) \’/—%sinh(\/gt)
% cosh(v/€t) — "E—d ﬁ sinh(v/£t) %bd cosh(v/€t) + £
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Interpretation:
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k2 o 47erSm2
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The Solution of the Toy Model

The solution reads
y(t) =eMC.
with
’decosh(\/gt) — % ﬁ sinh(v/€t) ’?b cosh(y/€t) — g
Mt — ﬁsinh(\/gt) cosh(v/Et) \’/—%sinh(\/gt)
% cosh(v/€t) — "E—d ﬁ sinh(v/£t) %bd cosh(v/€t) + £

Interpretation:

2.00
175
1.50
1.25

. a3 1.00

» two regimes: 075
fza—bdzo 0.50
K2 — 4 Gpam? 0.25

J (y—1)ho * 0.00

0 5 10 15 20

> shift along y-axis k[ky)

Figure: density contrast power
spectrum 37/55



Including Reionization (Constant Part)
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Including Reionization (Second Part)
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Structure Growth on Small Scales
The system of equations

Yo=wn,

. -1
1 =47 Gmpoyy — Lk2y2 =:ayy — by»,
YPom

. 1 2x
yo = vhoy1 + S(t)N (2 + x7, To) poYo — S(t)ST::)/z = dy; + cyo — f2.

Approximations:
» for small scales/large k: a =0.
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YPom

. 1 2x
y2 = vhoyr + S(t)N (2 + X7, To) Poyo — S(t)STZ’yz = dy1 +cyo — fya.
Approximations:

» for small scales/large k: a =0.

> for large heating: d = 0.

» for simplicity: f = 0.

40 /55



Structure Growth on Small Scales
The system of equations
Yo=wy1,
. -1
1 =47 Gmpoyy — Lk2y2 =:ayy — by»,
YPom
. 1 2XT0
yo = vhoy1 + S(t)N 5 T x1To | poyo — S(t)%yz = dyy +cyo— fya.

Approximations:
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> for large heating: d = 0.
» for simplicity: f = 0.

With that the equations simplify to

5= —bh, hi=cs.
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Structure Growth on Small Scales
The system of equations

Yo=wn,

. -1
1 =47 Gmpoyy — Lk2y2 =:ayy — by»,
YPom

. 1 2x
yo = vhoy1 + S(t)N (2 + x7, To) poYo — S(t)ST::)/z = dy; + cyo — f2.

Approximations:
» for small scales/large k: a =0.
> for large heating: d = 0.
» for simplicity: f = 0.

With that the equations simplify to

5= —bh, hi=cs.

Combine both equations

0 = —bcd.
Solved by

5(t) = e(=be) Pt _ j(be)'? Li(be)Psin(F)t
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Coupling of Dark Matter and Baryons

> So far we considered a purely baryonic system.

» For a cosmologically more meaningful model we need to couple dark
and baryonic matter.

> Assign some substructure to the collective fields % and ®%, the
propagators, and vertices, with « labelling the particle species.
E.g.:

a _ A Y S S
F= E {Uﬂap ®g, + 0, (DBH T OB e ¢source]
y=b,d

with
of (1,2) = (vé”(kl,tl) +5ab67bv,’§p(k1,t1)i8y1)
x (2m)0p (ki + k2)dp(h)dp(h)p(y1)dp(y2)dp(t — t2) -
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Adjustments for the Expanding Spacetime

Again, start with the hydrodynamical equations

o I R _,
g?7C_H(X V)pme+a 1V(p,,,7cu) =U,
oi ., = - y—1 ,Vh
——H((Z-V)i+a (i -V)i= ! ,
GG D (@ Py= =T
8hc mry dQV
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Enthalpy Equation in Comoving Coordinates

(1) = - pﬂ”—‘l S RO — )T (13(0) - a(0)
m k=1
my d

Qx
+ 57 2 T(Hk)wﬂqj — Gkl)
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Enthalpy Equation in Comoving Coordinates

1N B - . .
Hi(t) = — pﬂ”— ST Hi(8) (@ — G) Vo w (1Gi(2) — Gu(2)])
m k=1
N=1
d
+ TN ) w(lg; i)
mop—1

and obtain
T-1¢
Hy(8) = = T== S M) MGk~ %) + (= %) Vo w ((2) — di(0))
k=1
N:ld
+ TS S (w1~ ).
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Heating Term in Comoving Coordinates
The heating operator is given as

dQx
— =(1-% N.
X = (1-2)5()
Assumptions:

» emission, photoionisation, and the heating in same frame of
reference — S — S.
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dQx
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> X7
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Heating Term in Comoving Coordinates
The heating operator is given as
dQx

o = (1= R)S(ON.
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Heating Term in Comoving Coordinates
The heating operator is given as
dQx

o = (1= R)S(ON.

Assumptions:

» emission, photoionisation, and the heating in same frame of
reference — S — S.

> X7 Itis x(Tp), thus we need a scaling of T:
From Saha equation, evaluated at the critical point x = 1/2, we
obtain Ty ox 1/a°.

Introduce new time coordinate 1 = In(Z)

N

-1 - o o S .

M= Vp—H S Hi [H(G — %) + H(% — %)) Vow (16 — dil)

k=1
N=1

m dQx L

Jrﬁ j(Hk)W(Wj*qu-
PmM =
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Propagators and Potentials for an Expanding Spacetime

It turns out that the whole formalism stays the same, we just have to
consider the new propagators

8aq(m:1") = gop(n, ") = grum(n,n') =O(n—1'),
gap(n.m) = =2 (72 = e 2) ©(n — 1),

8pa(n,m') =0
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Propagators and Potentials for an Expanding Spacetime

It turns out that the whole formalism stays the same, we just have to
consider the new propagators

8aq(m:1") = gop(n, ") = grum(n,n') =O(n—1'),
gap(n.m) = =2 (72 = e 2) ©(n — 1),
8pa(n,m') =0

and potentials
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Matter Power Spectrum in Expanding Spacetime

X - — DM

00 | W =
g 190 —— Baryons — 10-1
=0 = 103
% 1071 ="
S 106 R 107
= 1078 =07
[any 11)0—10 &= 107
—12 1(r1]
10 ‘ - v

10-310-210-T10° 100 102 107 104 T T o100 10T 168 108 Tor

i lh/Mpe] K [h/Mpc]

(k) s =—26.5

(j) no heating

=107
m10*1‘2
102 10 10 107% 1072 1071 10° 100 10* 10° 10*
k [h/Mpc]| k [h/Mpc]
(1) s = —26.5, zoom in (m) s=-255
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Matter Power Spectrum (Not the Cosmological Model)

10° 105
10° 106
S Uy 107
E 107 og 1078
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10-10 1071
10-12 10712
1072 1072 1071 10 10* 10> 10° 10 10° 10
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107
N 10 10!
&= |er“ = — 10!
N = o
2 ] 10 20
= = 0 =
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<0 aC 1071 d® )
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Differential Brightness Temperature

50 /55



Differential Brightness Temperature

> I's— Tcus

6Tu(z) = Tp — Tems = 9ImK (1 — x)(1 + 6)(1 + 2)V/ -
S
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Differential Brightness Temperature

Toms Ty

Assume T5 ~ TCMB:

0Tp(z) = 9mK(1 — x)(1 + 6)(1 + 2)¥/2.
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Differential Brightness Temperature

Assume Ts ~ Tcus:
6Tp(z) = 9mK(1 — x)(1 4+ 6)(1 + 2)¥/2.

Compute the power spectrum

(5To(1)5To(2)) = (mK)? “;z) (o 2) (1) ek £)(2))

B »(1+2) 1 2
= (9mK) 7 {[2+XT0 To} (p(1)p(2))

i E +xr To] 2T p(1)h(2) + (i’;;)z (h(l)h(2)>} |
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21cm Power Spectrum

(k*/27) Pyr, [mK?

. xHI= 0.96

log A, [mK?|
o

wen z=7.25, xHI= 0.03

107 1072 1071 100 10!
k [h/Mpc]

(s) RKFT result

10 10° 10! 15 1o 05 00
log k [Mpc ]

(t) Hassan et al. 2016

126 P [mK?]

«

— Case LT>> T,
—- Case2:Tg=T,

Case 3: average x,,
— Case 4 local x,,

cMB

K (hMpe’]

(u) Baek et al. 2009
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The Problem With the Adiabatic Cooling

#y(t) = m A (G(0). 1)
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The Problem With the Adiabatic Cooling

t
N _pm(g na't N O¥q: 3.9 d=3(t)
- pm(; na ~ Da Vs (24 + 2)(3 ) d=3(1)
N _3pm(n‘;i)a(7 ~ D@ 1) - ﬁ(v = Dh(d. ¥ (31 a-a(0)
=30 02— )Y M~ ) (00 - )

k=1

This results in the enthalpy propagator

grn(ni,m2) = 07D = (35 /21)%
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The Problem With the Adiabatic Cooling

Computing the power spectrum with the enthalpy propagator
g1 (m,m2) = (az/a1)? and without heating:

107* 1072 107" 10 10" 10> 10 10
k[h/Mpc]
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The Problem With the Mean lonisation Fraction

Compute the mean ionisation fraction via

00 =3 —xm [To— grt]
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The Problem With the Mean lonisation Fraction

Compute the mean ionisation fraction via

00 =3 —xm [To— grt]

Therefore we need to compute

12

<h> = Gf71(1) >~ 1 e
a=b,d @=0,1,2

/d2 Aflbﬁé(17 2)Vﬂ;(_2) .
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The Problem With the Mean lonisation Fraction

Compute the mean ionisation fraction via

00 =3 —xm [To— grt]

Therefore we need to compute

12

(h) = Gra(1) 2 + —=— /d2 Dgogs (1,2)v5, (~2).

a=b,d a=0,1,2

0.309820
0.309815

0300810

0.309805

0.309800

10 20 30 40 50 60 70
z

Figure: mean ionisation fraction
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Conclusion

» We were able to include photoionization
into RKFT.
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Conclusion

» We were able to include photoionization
into RKFT.
» Computed power spectra and studied
dependencies in static and expanding
spacetime. —
» Behaviour in static spacetime confirmed by
toy model based on Eulerian perturbation
theory iy
» Advantages of this approach: e

K [h/Mpc]

W
100 ™

(k*/27%) Psg, [mK?]

/

Simple and fast computation of power
spectra

Able to compute power spectra of
ionised hydrogen (or differential
brightness temperature power spectra)
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Conclusion

» We were able to include photoionization
into RKFT.

» Computed power spectra and studied
dependencies in static and expanding

spacetime. o —
» Behaviour in static spacetime confirmed by = M
toy model based on Eulerian perturbation %"
theory T ‘H'
» Advantages of this approach: T
Simple and fast computation of power B
spectra

Able to compute power spectra of
ionised hydrogen (or differential

brightness temperature power spectra)
— The epoch of reionization can be modelled using RKFT

and observables like the power spectra of ionised hydrogen can be easily

calculated!
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